31 Causality and Scattering Amplitudes in Nonlocal Gravity

31 B RS 1 B RIER M S BRI

Stefano Giaccari

ke M-SR

Contents
Introduction. 1380
515, 1380
Weakly Nonlocal Gravity 1381
g99ERIEE 177 1381

Scattering Amplitudes in Higher Derivative Gravity Theories 1383

= SEG T EHE PR RU IRIE 1383
Shapiro’s Time Delay 1387
B P I AIIEIR 1387
Conclusions. 1393
#hie. 1393
Cross-References. 1394
RXRZHHR. 1394
References 1394

SR 1394

Abstract
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A remarkable feature of weakly nonlocal gravitational theories (eventually coupled to matter), which
are compatible with perturbative unitarity and finiteness at quantum level, is that they exhibit the same tree-
level scattering amplitudes as Einstein’s gravity. After reviewing the explicit computation for the four-graviton
scattering amplitude and a general proof for n -point amplitudes based on a field redefinition, we show as
a consequence that in nonlocal quantum gravity, a Shapiro’s time advance, which is related to a violation
of macro-causality, never occurs. Moreover, we provide a recipe to construct a general ultraviolet complete
gravitational theory coupled to matter compatible with macro-causality. Finally, we present similar results
for local Lee-Wick quantum gravity, whereas we highlight that nonlocal gravity in Weyl basis can potentially

violate causality.
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Introduction
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The major challenge of quantum gravity lies in the difficulty of reconciling renormalizability and pertur-

bative unitarity. In fact, the Einstein-Hilbert action is not power-counting renormalizable, but, if we introduce



the infinite number of counterterms generated by the renormalization procedure, it is perturbatively unitary.
On the other hand, it is possible to build higher-derivative theories of quantum gravity that are renormaliz-
able with finitely many counterterms, but are non-unitary. This is the case, for example, of the celebrated
Stelle theory [1]. In the literature a number of possible solutions to this puzzle have been discussed. Among
them in recent years, nonlocal models received a great deal of attention both for their capability to produce
an interesting phenomenology and for their remarkable properties upon quantization. In particular, a class
of weakly nonlocal gravitational theories has been proven to be super-renormalizable (or finite) and pertur-
batively unitary [2-7]. These theories have also been studied in connection to cosmological backgrounds and
black hole solutions [8-12].
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However, the main concern about nonlocal theories is surely causality, whose investigation has only
recently been addressed in a systematic way. In a classical theory, the problem is closely related to a mathe-
matically sound formulation of the initial value problem, whereas from the quantum perspective nonlocality
implies a new formulation of the Bogoliubov causality condition for local interactions. Remarkably, for quasi-
local interactions where the nonlocality shows up only at scales smaller than the nonlocality scale €, , non-
causal effects remain confined within the scale ¢, [13-15]. This has also led to the idea that for asymptotically
free nonlocal theories, this violation of microcausality may actually be undetectable [16].

SR, ARRBERIC RS RTER R TCREZ RIRE, A EENEEA REIR AR, EEHEIeH,
ZIAES WE R AR ER RN, TTNEFIAE, R/ RIEAErRIE RS
BRI PR RIR M. (ERERNR, ST N TIFREBRE ¢, FEE N EIRAER
EERHE RIS B R, ARRIER RN SWRHIERE €5 DA [13-15], XB51H 7 — P& T
#ni B HEYARRISEEIE, XA R IERERSCRR_E RTRETCTESHRTIE [16],

In this note, we consider another notion of causality introduced by Gao and Wald [17], according to which
it is impossible to send signals faster than what is allowed by the asymptotic causal structure of the spacetime.
Its violation has been recently discussed by Camanho, Edelstein, Maldacena, and Zhiboedov [18], in particular
in connection to Shapiro’s time delay, which is one of the classical tests of general relativity (GR) [19, 20].
Light propagating near a compact object should suffer a time delay compared with the same propagation in
flat spacetime. Therefore, if we get a negative time delay, or actually a time advancement, we have a causality
violation. Exploiting the relation between the Shapiro time delay and the scattering amplitudes for gravitating
particles in the eikonal approximation, the authors of [18] have proven that these causality problems are
produced only by the form of the on-shell three-point functions of the theory. Therefore the most general
higher derivative gravity theory giving rise to a causality violation is at most cubic in the Riemann tensor. In
particular their analysis applies to a high energy scattering process in which gravity is still weakly coupled.
This can be achieved if the impact parameter b can be chosen such that
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where ¢p is the Planck scale and €, the nonlocality scale. In such cases the loss of causality can be evaded

by adding massive higher spin particles with spin J > 2 and mass m? ~ 3% .
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In the following we want to argue that the terms responsible for this causality violation do not need to
show up in a nonlocal theory of quantum gravity of the kind studied in [2-7]. So these theories turn out
to be consistent even without the introduction of an infinite tower of massive higher spin fields. First, in
section "Weakly Nonlocal Gravity,” we review some essential features of the class of theories under consider-
ation, in particular their renormalization properties and perturbative unitarity. Then, in section ”Scattering
Amplitudes in Higher Derivative Gravity Theories” we review results about scattering amplitudes in weakly
nonlocal theories pointing out the crucial role played by a theorem relating tree-level amplitudes in theories
related by field redefinitions [25,26]. In section ”Shapiro’s Time Delay,” we finally report about the results of
[27], where the problem of causality has been addressed.
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Weakly Nonlocal Gravity
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We investigate the class of theories defined by the action
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where xf, = 327G . Given the nonlocality scale o = ¢% , the form factor y ((7) is defined by
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where the function exp H (z) is asymptotically polynomial in a conical region C around the real axis,
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namely,
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with N an integer defined in terms of the spacetime dimension D so that 2N + 4 = D (if D is even) or
2N +4 = D + 1 (if D is odd). This condition is necessary to avoid the appearance of nonlocal counterterms in

the UV regime. An example due to Tomboulis [3] is
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where p(z) is a polynomial of degree y + N + 1,T (a, z) the incomplete Gamma function, and yg the
Euler-Mascheroni constant. The local potential V' (R) is at least cubic in the curvature, namely, V ~ O (323) ,
but quadratic in the Ricci tensor, and is taken to contain at most 2y + 2N + 4 derivatives. These choices are
motivated by inspection of quantum divergence in the UV regime. In fact the graviton propagator scales as
k~Cr+2N+4 and the vertices contain terms whose leading behavior is just the inverse. This determines the
upper bound on the superficial degree of divergence of any graph G,w (G) = DL+ (V —I) 2y + 2N + 4) . We

find in a spacetime of even or odd dimension, respectively,
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Thus, if y > Dgyen /2 0ry > (Doqq — 1) /2, only one-loop divergences survive. Therefore, the theory is
super-renormalizable, and only a finite number of operators of mass dimension up to M has to be included in

the action for renormalization in even dimensions. In odd dimensions, due to dimensional reasons, there are



no divergences at one loop, and the theory is automatically finite. The freedom in the choice of the potential
V (R) can be used to “kill” the one-loop divergences in even dimensions. For example, in four dimensions, it
is possible to prove that the two quartic killer operators
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give contributions to the beta functions of the couplings for R? and wa which are linear in their front
coefficients s; and s, so that finiteness can be achieved by choosing them so that Sz = 8 R:y = 0. The crucial
point for the following is that the killer terms should be in general at least quadratic in the Ricci tensor. One

can easily find from the kinetic term the two-point function in the harmonic gauge (6*h,, = 0),
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where P(® and P® are the usual spin 2 and spin 0 projectors. Therefore perturbative unitarity together
with the absence of gauge invariant poles other than the graviton pole requires that exp H (z) be real and
positive on the real axis and without zeros on the whole complex plane |z| < +oco . This choice however im-
plies a subtlety related to the fact that amplitutes are well-defined as integrals along certain loop integration
contours and in a certain regime of external momenta, which is typically the Euclidean one. The vertices we
have defined in order to achieve UV finiteness must decrease sufficiently fast along some directions in the
complex plane, namely, the ones corresponding to Euclidean momenta. However, for the nonpolynomial
entire functions, this necessarily implies a fast growth in other directions in the complex plane, thus gener-
ally preventing the usual Wick rotation. This could generically point at a violation of perturbative unitarity.
However, the theories considered in this note turn out unitary at perturbative level to all perturbative orders
in the loop expansion as rigorously and extensively proved in [21] and more recently in [22-24]. The proof is
based on an analytic continuation of the external particles’ energies from imaginary to real values. It turns out
that the Landau singularities and the discontinuities of the amplitudes are the same of a local theory at any
perturbative order in the loop expansion. This is a consequence of the classical spectrum of the theory that is
the same of the local theory. Therefore, the Cutkosky cutting rules are the same of the local theory. Finally,
there is no contribution of cut diagrams corresponding to anomalous thresholds to the imaginary part of the
scattering amplitudes as proved in [22, 24]. Indeed, if a diagram is cut in less than two or more than two parts,

the contribution to the discontinuities vanishes as a consequence of the energy momentum conservation.
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Scattering Amplitudes in Higher Derivative Gravity Theories
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We here review some results about scattering amplitudes in higher derivative gravity theories, in particu-
lar four-graviton tree-level ones in the case when all higher derivative terms are at least quadratic in the Ricci

tensor. For the sake of clarity, we first consider an action
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where ¥y, 7, , and y, are generic functions of o[ ] . As observed in [25], in such cases the computation
can be addressed by standard Feynman diagram techniques due to a number of simplifications. First of all,
we note the last term is the famous Gauss-Bonnet density, which is topological in four dimensions, whereas
for generic higher dimensions, it gives rise to vertices only. Furthermore, as the process involves only three-
graviton vertices with two gravitons on-shell and one off-shell and a four-graviton vertex with all external
legs on-shell, we can make full use of the linearized vacuum equation of motion for the physical field h,,
in the harmonic gauge, i.e., [Jh,, = 0. Actually, we can choose polarizations satisfying the conditions
#hy,, = hﬁ = 0 all along the computation, which greatly simplifies the algebra. In fact, these conditions

imply that all the scalar operators are vanishing on-shell at linear order in h,,, , including the scalar curvature

v
1

R® and the root of metric determinant \/—g( ’ . One can further show that R;B = 0 due to the linearized

EOM. We can express all the amplitudes in terms of the Mandelstam variables s = 4E2,t = —2E? (1 — cos 6)

and u = —2E? (1 + cos 6) , with E the energy and 6 the scattering angle in the center-of-mass reference frame.
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In the case where y,, ¥, , and y, are constants, for gravitons with positive helicity, one finds for D = 4, 5,6
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Remarkably, in four dimensions, where y, cannot enter the amplitude because of the Gauss-Bonnet the-
orem, the result coincides with the one expected in Einstein theory by dimensional analysis and symmetry
arguments. In particular no term scaling as E* in the UV shows up as it would be natural to expect in a
four-derivative theory. This is the result of non-trivial cancellations between the massive poles in the prop-
agator and the three-graviton vertices and between the contact and exchange diagrams. This result can be
also understood as the one consistent with the natural expectation in the limit where the Einstein term can
be dropped out only leaving the scaleless quadratic terms. They would be expected to naively give amplitudes
~ E*, but this cannot happen because the graviton field is dimensionless and there is no other scale. So the
amplitude is actually expected to vanish. In D > 4, y, enters the amplitude, but only quadratically, whereas
the expected linear dependence is absent due to a cancellation between the contact diagram with vertex from
Gauss-Bonnet term and the exchange diagrams with two different vertices (one from GB, the second one from
standard terms R, R? , or wa ). Whereas in the ultraviolet regime the amplitude scales as E*, in the infrared
one finds arbitrary powers of E? associated with the massive poles in the propagators which cannot cancel

with the three-graviton vertices of the Gauss-Bonnet density.
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For weakly nonlocal gravity, the amplitude can be also performed straightforwardly if y, ((]) = 0. In
fact, as on-shell R ~ O (h?) and Ric ~ O (h?) (whereas Riem ~ O (h) ), the form factors are spectators in the
expansion in the number of gravitons, and many results for the Stelle gravity apply to the general nonlocal

theory. For the three exchange diagrams and the contact one, we find
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where the possible poles associated with y, and y, cancel separately in each channel. Once again, the
amplitude
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coincides with the one in Einstein-Hilbert theory.
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These results, which may look somewhat surprising, find actually a very natural explanation in terms of
a field redefinition theorem [25,26] that allows to map nonlocal field theories to local ones at tree-level.
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In particular, let us consider two general weakly nonlocal actions S’ (g, ®,) and S (g’, ®;,) , respectively,
defined in terms of the fields g, ®, and g’, ®; , where g is the metric and @, a set of matter or gauge fields and
such that
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where F& and F® can contain derivative operators or weakly nonlocal operators of the covariant [] op-

erator, and
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are the EOM of the theory with action S (g, ®,) . The statement of the theorem is that there exists a field
redefinition

EEREN S (g, @) MHEIERTIEEIT 1, WEBiEH, FE-TMIEEX

S8 A8 g
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such that, perturbatively in F&® , but to all orders in powers of F&® , we have the equivalence

(HS1E F&2 MR T, B2 Fe® BRKIFTART, IRATERESEIEN KR

S'(g @) =5(g,9). 21

The indices i, a encode all Lorentz and group indices, as well as the spacetime dependence of the fields.
A¥; (A%,) could be a weakly nonlocal or quasi-polynomial operator acting linearly on the EOM Ef (E¢) , and
they are defined perturbatively in powers of the operators F&® , namely,
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The claim above can be straightforwardly checked at the first order in the Taylor expansion for the func-
tional S (g’, @)
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= S(g) + Ef6g; + Eg 6%, (23)

which is consistent with the equivalence (21) if we assume the field redefinitions (20) with the chosen
coefficients (22). The theorem states the equivalence of the two theories only perturbatively in F&?® , so that
the two theories do not need to be equivalent in all aspects. For example, S’ (g, ) can have additional poles
in the spectrum compared with S (g’, ®') , and also the quantum behaviors of the theories can be completely
different. However, the theorem applies to all the n -points tree-level functions whose external legs are on the
mass-shell shared by the two theories, and this explains the results found by direct computation for theories

that are quadratic in both the Ricci and scalar curvature and lack a term quadratic in the Riemann tensor.
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ARAMBILIAETE X (20) RABETEHIRE (22), MERSFM KRR 21) Bif. EE RPN
IBAE F&® FIRPL N EMT, BIEMPNEICTERAERFE T HEF. B, S (g, @) KR DIFEE
S(g, @) BERIHIMEA, MANMIEHIR T NIRRT PISEe AR, EiZe HiE M T A SMNELE R
BRI RS AT n SRR, IXRUERE T AR, AR R AR IR E A SR EKE
—IRUIELE, HEREHEARIN _EBRETR,

Shapiro’s Time Delay

BB I HER

The results of the previous section can be nicely translated in the language of Shapiro’s time delay. This
can in fact be recovered from the scattering amplitudes in the so-called eikonal approximation, which resumes
a particular set of diagrams (horizontal ladders) in the deflectionless limit ¢/s << 1.s is large compared to the
inverse of the nonlocality scale £;2 , but still well below the Planck scale so that the theories we are considering
are still weakly coupled. Under favorable circumstances, the amplitude exponentiates in the impact parameter
space [28,29]

RS SR AT DR G M 40 5 R 2 I RSB A AEZR AR, SERR B I AT DAM P IE AR BRI AL A AR
SHRIESE], ZOEPHETT TR TR T —AHRARNE GRFEIEE): t/s << 1s MR TAREE
PEPREERIEIE 032, (BMZART I RE, BB T35/ &, EEEHRRET,
JRIETERE S8 A [28, 29] FHEEUL

Aeic = Zs/dD‘zl;e‘izﬁ’ [0 — 1], (24)
where the phase is given by
Bt H PG H
i dD—Z_’ o
9= e A 5, ). (25)

Shapiro’s time delay is then given by

Wt J5 B 5 B I TRIREIR A] RN

At = 2058 (E,b). (26)

where E is the energy of the probe particle.

Hrp E RIRIA T HIRE R

In particular, for the action (9), with y, = ¥, = 0 and y, = 1gp a constant, one finds for the four-graviton

amplitude in the Regge limit [30]
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Realtth, XFIERR (9), Ziyo =1 =0My, = Agpg NEHEI, AISEAWRR TH510FIREN

[30]
At = Awgu + Acs

87Gs? 871G Agps?
r (€1 -€3)(e2 - €4) + lfGB

~ —i

X (ké‘kﬁs’gus4pﬂ£1 g5+ k{‘ké’s‘fv@pyzz " &),
4
where K%) = 87G ; the momenta of the four gravitons ki, k,, k5 , and k, are all incoming, i.e., >, k; = 0;
i=1
D-2 >
ande; (i = 1,...,4) are the polarizations of the gravitons. Choosing the metric ds?* = —dudv + > (dxl) , We
i=1

can evaluate this amplitude in the following momentum configuration:

4
/H\:':P KZD = 87TG 5 IE/I\gljj?EngJ% k], kz, k3 ﬂ] k4 é%ﬁjﬂ)\%ﬁ, Epiﬁ}@ Z kl' =0 9 El' (l = 1, ,4)
i=1
D-2
—dudv + ¥, (dxi)’ J5, FlITATDAfE DU &R % IRIE:

i=1

NEIHFHIRIR, WEE M ds* =

32 = 32 =
- a 4 - _ a4
ki = (k”’ 16k,’ 2)’ Ko = (k“’ 16k,,’ 2)
G A WP B
Ko = (16kv’k”’ 2)’ Kaye = <l6kv’k”’ 2) @7)

2
s = dkyky, t ~—(q)",
where we just kept the leading order in the ¢/s expansion, assuming t/s > 1. We also take the polariza-

tions e = eHe? , given by

BAMURE T t/s RIFRIGUELRY, BN t/s > 1, FRNBITERIR e = e#e’, HITRSA

h_(L88 ) w (T8,
=1|- s Yy ’ =\>5—Y 2
€ ( oK, 0 e1> €3 < ok, 0 e3> (28)
ié Qé
El; = <0, 2—ku,ez), Eﬁl = <0,—%,e4>. (29)

Choosing e; = e; and e, = e4 , we can compute the phase (25) for the Einstein-Hilbert term
W ey = e3 Ml ey = ey Jo, FATAT PATHRLZZ KT HE A0 /R B ARF IION B AARAL (25)

() o

5(b.5) = =5 753
T 2

(30)

(e1-e3)(ez-e4),

and for the Gauss-Bonnet term

13



DA e - P AT IO 2 AR 2

D-4
1" -
dgg (b, s) = 44gg ((elljellj)elzjelzk + (elzjelzj)elljellk) 0,9, <D_f4 ) D—a
T 2
D—4
_ r(%) os
= —4Aes— 5" 53
T 2
x[2(e1-e) (e €)= (D-2)(n-e))’ = (D-2)(n-er)*], (31)

where 7i = b/b . The total contribution to the phase is given by the sum of (30) and (31), namely,

HA 7 = b/b . MRIETIER N (30) 1 (31) ZH0, HL:

8,_cp (b,5) = 8, (b, ) + 5y (b, 5). (32)

Finally, the Shapiro’s time delay is

2%, HEBINRIER N

D—-4
1" -
16EG
Aty_gp = <D_4 )W (e1-e1)(ex-e3)
T 2
gD —2)(D—4) ((n-e))’  (n-e)’ 2
X |1+ 0 e, + e 73| (33)

We can see that if the impact factor b becomes small, b?> < Ay , the third term in (33) can be bigger than

the first two, depending on the sign of A5z and the polarizations. Therefore, we can have a time advance, and

causality is violated.

BATRTLABE, WRREAEE T b2 2/, Bl b% < Agp, (33) RIVE =S ATRIMIA, EAK/NE
RT Agp FIFFSHImIR, B, FRATATREFF IR RIEERT, KRB,

On the other hand, we saw in the previous sections that for theories that are quadratic in both the Ricci

and scalar curvature and lack a term quadratic in the

H—JiHE, BAERLTELES], N THEAMRMR R R HAE

Riemann tensor, the tree-level amplitude exactly coincides with the Einstein-Hilbert one. The corre-

sponding time delay is

REKE IRIHIHEIE, # level IRIES Z FHHH-R/RERELCHIE R E 28, X R AIRRIER
H

F(E) 16EG
Aty = —5= ey (e1-e3)(ez-eq), (34)

T 2
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and of course no time advancement is possible.
2 IR AT RE H BN (AT A

Actually, any nonlocal theory that is tree-level equivalent by the field redefinition theorem to a causal lo-
cal one is causal too. In other words, given a causal (possibly local) theory, the theorem provides an algorithm

for constructing a full class of higher derivative (even nonlocal) causal theories.

Khr b, AT e O LS RIR R E A B B R F M R AR B e th R R R IR AT, #6
B, HEAER (FTRERRER) BIg, e iRt T —ERERE &N S8 (EEEEE)
RIEIERAIRTE,

An explicit example of a nonlocal theory involving gravity, one gauge field, and a scalar field is the one

given by the action
—MEEF . —RESA— MR R R B A e an MR B4
1 ¢ : ¢
C= sz [R+ (Guv = 26 (T + T ) ) FE*° (Gpo — 2 (T + T )|
—%@,,FW + V, FFFAV FP,

+36(0-m)$+¢ (- m2)F* (O -m)$, (39)

where the analytic functions of the d’ Alembertian operator Fé, FA | and F? and the second rank tensors

T2, and T[ﬁ, are defined as follows:

KB UREATHIRNT RS Fe, FA R FS . DAR Bk T4 1l TS, & XWF:

1 |
MU0 _ [ o 5U0 _ = MU po)
Fg —(gg 588 ( [ )
PA = 1 eHa@D _ 1
2 U
po= L(BO™) -1
2 11— m? ’
A — ] 1 Uy
Tm/ = FMcFv - ZF,ZWF >
1
T = 8,40, — 380 (0290"¢ + m?¢?). (36)

Hgy, H, , and Hy are form factors suitably chosen so that the theory is unitary and finite at quantum level in
odd dimension (in particular in D = 5). In particular, the theory (35) has the same spectrum of the equivalent
local theory, namely, the graviton, the photon, and the real scalar field (see [4, 6, 7] for more details), and by
the field redefinition theorem all the tree-level n -point functions for the theory (35) are identical to the ones in

local Einstein-Hilbert gravity coupled to the local Maxwell field and a local scalar field. It is straightforward

15



to prove that the theory above satisfies the field redefinition theorem, namely, it is equivalent to Einstein’s
gravity minimally coupled to the electromagnetic field and scalar matter. Therefore, all the tree-level n -point
functions for the theory (35) are identical to the ones that one can compute in local Einstein-Hilbert gravity
couple to the local Maxwell field and a local scalar field. In particular we can consider the elastic scattering

of gravitons on massive scalars, and the photon-graviton scattering, whose amplitudes read

Hy, Hy T Hy B2 ESEIAZINE 7, RIEZEICETEEE Rl D = 5 4) KIEHE TR
FAMR. Fepl, Hit (35) SFENREHEICAAZSMHFENEER, 50T, XTMSrgays (i
W 14,6,7]), I HiRYEEE SCEH, Bt (35) ArEWIEIZH n RREBERRE T R 802 RHTEE- 7R
B85S 1 RS RIEREE e T 5 57 1 R S B 7 0 L s PR A8, ANXEETIERA B IR P I 6 2 7 U SOE B
RIESEMN TR/ MEE BRI &Y RN Z FEE5 ), Hi, Big (35) AR EZEHR n R
#RTE S5 R TR sz R B - /R B 5 IR & SR s 5 i B3 H R 4 T T RS 2 RIEE R
Realsth, BATA] AFES I FAERRERE RS, DAOET-51 78, ENIndREs

(m* - su)2

t(s+ m2)(u+m2)’

A(h, ¢; h, ¢)2;2 =i8nG

m*t

Aau@hﬁlﬁzzﬁﬂG@+nﬂXu+m%’ 7
U2
A(h,Ash,A), 5, = —iST[GT,
S2
AhAsh,A) _yy 5 = —i87rGT, (38)
plus the ones one can obtain by parity conjugation.
IN_EFRRILHE Al 15 2 HARARIE,
Taking the massless limit of (37), the helicity flip amplitude vanishes, while
Xt (37) UL B IRIR G, 1RieEREARIEIN R, RN
A(h, ¢; h, 45)2;2 = iSﬂG%. (39)
All the above amplitudes in the eikonal limit s < ¢ simplify to
eikonal fR s <t &, _LIAFTEIRIERI LN
§2
—i87TGT (40)

and the time delay is the same we have computed for the four-graviton amplitudes. Therefore, the non-

local theory (35) is causal as well as the local Einstein-Maxwell-scalar theory.

HINH S BT RS 1 FRIEE SIS R 3 Bk, AERISEIE (35) MJRERE HHH-22 e il
F-hrEEIE— R RIRE,
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One could wonder whether causality can still be preserved in a theory where the nonlocality explicitly
shows up in the amplitudes, i.e., in cases where the field redefinition theorem cannot be applied. An indication
that this is actually possible comes from the theory whose action consists of (2) and the minimally coupled

ordinary two-derivative scalar matter

MTRTRESAF AT, WESRARR SRR B R IE S, MRtRICTEN i B SOE BRI IE OL, BRIEIE
REARFFIRISRIEND, SEPRFAEIXMIBEOLA) — DR R B RIS HAEH&EH (2) bR/ MEES
i FEARER T, B

S=S,+ f 4Py (~ 38" 0ub0u$ — 31°8). (a1)

Using the graviton propagator (8), the tree-level gravitational scattering amplitude for two-scalars in two-
scalars can be easily obtained (we here assume m =0 ):

FHBITEREF (8), BATAI DMRA S5 2R EHUH 2 MR A B 25 | 1 BURIRIE (HAk
BAMREm=0):

t +t t
Ay = —iSHG%e_H(S),At - —iSncye—H“),Au = —iSﬂG%e_H(").

(42)
In the Regge limit t < s, the leading contribution comes from the amplitude in the ¢ -channel, namely,

£ Regge IR t < s &, JELoTBRH ¢ EAYHRIE, A

2
A, (5,) = (=1) i87tGSTe‘H(‘). (43)

For D > 4 there are no issues related to infrared divergences, and we can now compute the phase (25) in
D=5,

NT D >4, NMAAELINREEERAE, MAEFATA] PAUTHE D = 5 HEIHEAL (25),

32 35 - o H(-T)
5(b,s) = 1 [ dq el A, (s,—q*) = 4nGs d°q elab® -
2s) @x) @) g

- Z_GS quin—(bq)e_H(_qz)

p bq , (44)
where g = |q| . In particular, for the form factor
HArh q=|q| . Fealt, X TTAREF
e°t, (45)

which emerges naturally in string field theory [32-35], one finds the analytic result
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BRI BRHIE [32-35], FRATTATDAS Bt as

Erf (b/26,)
b 9’

which reduces to the one in Einstein’ s theory for b > £, , namely,

6(b, 8)spr = Gs

4 b>» o) I, ZERIBONZ FIHHEISRRYZER, B

Gs
8(b, $)gpr = S (b, s) = B
The corresponding time delays are
X IS AR I T
16EG _Erf(b/2¢
Bigr = 1650 B 0120)
16EG

(46)

(47)

(48)

(49)

In Fig. 1 we plot Aty for the form factor (5), which has been obtained numerically, together with Atgpr

and Atgyy . Very similar results can be obtained for different values of « and y .

FEE 1, B T IEE BUEHH EARIREIRE T (5) MVHT Aty , RN T Atger M1 Atgy

o ETXIAFIN o A1y BUEH, RIS EHEREARDIIIZE R,

From the analytical results as well as from the plots, it is clear that the Shapiro’s time delay never becomes

negative, and the causality condition is satisfied up to and beyond the nonlocality scale €, .

MEHTES RN B L BT o] DABRRAE H, BRD N HERIBZNIE, KRIERAEIFEEIRE ¢4 2

PRI R R HH 12 T R T 7 2

Fig. 1 From top to bottom the lines represent respectively the following Shapiro’ s delays: Atgy, Aty (for

y = 3),and Atger . We also assumed €, =1

1 M BB, BEMERIGRINTNE RPN ATEIR: Atgy, Aty TR y = 3), PAK Atger o FRATTIER

i§T€A=1
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At(b) T
16GE

0.0~

Supersymmetry is another powerful tool to couple nonlocal gravity to matter in a way consistent with
unitarity, finiteness, but also causality. Indeed, in [31] we constructed the N = 1 nonlocal supergravity that
has the same tree-level scattering amplitudes as the local one. Therefore, on the basis of the theorem reviewed

in this section, the theory is causal.

N FRE S — R AREEE | ) SYBRE A A TR, RElbMEME LB, BRI, [FN-tik 2
KIRME, s b, 7E5CHR [31] RERATIE T N = 1 IREEES 1, e5esiEs 1 a2 em R
P ERURIE, R, FETARTREREE, ZEIeHE RRME,

Local Lee-Wick quantum gravity Recently a local higher derivative theory has been proposed as a good
candidate for a UV completion of the Einstein-Hilbert theory [36,37] . The theory has no real ghosts in the
spectrum, but allows for complex conjugate ghosts. It turns out that it is unitary at tree-level [36,37] and
also at any perturbative order in the loop expansion [38-40]. Moreover, it is super-renormalizable or finite at
quantum level [36,37] . Notice that the S -matrix is unitary in the subspace of real states as a consequence
of the energy conservation and on the basis of the empirical evidence that complex energy is not realized in

nature.

B Lee-Wick BF51770K, —MEEmb SFEFICHHRE, 1FZ REHE-F/RIERFELE [36,37]
Lo eI RIL, ZEICEP RN EESSRN T, HArE RN T, RN, BEEMER
[36,37] AN B ETTHMER ML [38-40] HRHE X 1EME, 1A, BIERF/KFREERMHARR
f9[36,37] . REERNZ, HTHRREE, AREZEENSEBRRPLINEREL, sHER
ST ERIFRAER,

The minimal theory in which only the graviton propagates and a pair of complex conjugate ghosts reads

19



AFAET | TR — X 23 R 7 1 i NI TE N

Sg = i dPx\[=g[R + *GORK + V (R)]. (50)
D

The propagator of the theory (50) shows up two complex conjugate poles:

Bl (50) BIFEHE T A AE M DR EHIAR

1 1
G(k)::i(k2—-k)(14-02k4)<PQ)__[)—-ZP“D>' (51)

If the potential V' (R) is at least quadratic in the Ricci tensor, the tree-level amplitudes coincide with those
in Einstein gravity (this is a consequence of the theorem in the previous section), and causality is not violated.
When the Lee-Wick gravity (50) is coupled to the scalar matter (41), the tree-level gravitational scattering
amplitude for two scalars in two scalars is obtained from the amplitude in the ¢ -channel:

WRE v (») FERAKEHEDR RN, BRI EIRIEL S Z K5 rIRE—3 X2 L —
TEHAHER), TRERERM, 24 Lee-Wick 5177 (50) SHREYIR (41) AR, TATATLAM ¢ 18
AOARIETS 2 PR B A5 P B 5 | ) B iR e

t 2
SGHD g (52)

A = —i871G————2— )
LT TN A ¥ oh2) t(1+ o4t2)

Notice that t < s, but ¢ can be larger than A? . Replacing the amplitude (52) in (44), we get

TREER t <5, HeaBURT A2 o RHRIE (52) 1RA (44), FANSF]

b

v b
_p 26
1—e Ccos <\/56’A )

b .
The phase (53) is always positive, and the plot is very similar to the one of nonlocal gravity. Therefore,

8(b, 8)gpr = Gs (53)

the Shapiro’s time delay is also positive, and there is no causality violation.

MRL (53) SGEENIE, EILRSAREEG I RERAEFAML, Hit, ERPNEERMNIE, NMEER
M

Nonlocal gravity in Weyl basis Finally, we would like to present a theory that can potentially violate

causality. The Lagrangian reads [5, 8-11]

SMRETRAREEG h)E, B rleEE KRR ERER IS, HAAs B H &N [5, 8-11]

1
Ly = F (R + C,uvpcrYC (O) cHePe + Ryr (m)) R) s
D
D—-2 ef2-1 D—2 eHo—1

Yc (54)

“i0-3 O TTio-D O
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The theory (54) violates causality for H, = Hy = Hy or H, = Hy = o[]. Indeed, expanding y. in
Taylor series, we get also a Riemann square operator, R,;,,cR**°? , that gives the same causality violation as
computed in (33). On the other hand, the same theory with entire functions H, = H, = Hy does not give a

Shapiro’ s time advanced as shown in [18].

Bl (54) 1£ H, = Hy = Hy 3 H, = Hy = o] BB PIERERME, FXE, K yc BIFAZRELK
g, BINEEEI—DIREBVITEFT Ry R, BEHRMMERMIEERS (33) HitENE R,
S—J7TH, WSCHR [18] i, SRAEEREL H, = Hy = Hy NFE—BHCA 245 W E D N AT, B
AR

Conclusions

Gilk

Weakly nonlocal theories are an interesting arena where such crucial ideas about quantum gravity as
ultraviolet finiteness, perturbative unitarity, and causality can be tested in a very straightforward way thanks
to the powerful formalism of quantum field theory. In particular, we have given evidence that in a lot of case
we can extend Einstein-Hilbert gravity without violating the notion of causality related to Shapiro’s time delay
and discussed in [18]. Contrary to what happens in weakly coupled string theory, causality is not achieved
by the introduction of an infinite tower of massive higher spin fields, but by avoiding the higher-derivative
terms which could cause a Shapiro time advance. This has been proven to be possible in several cases; in
particular, a field redefinition theorem allows to construct a very general nonlocal theory for matter coupled to
gravity compatible with causality. As a particular applications of the theorem, we have discussed the Einstein-
Maxwell-scalar nonlocal field theory, which can be proven to be causal, unitary, and finite in the ultraviolet.
Other examples discussed in [27] are the N = 1 nonlocal supergravity [31] and Lee-Wick gravity [36-40].

S5IEREEIS R — ME BTG, HE PRI AR, BT ATE A EE B
w5 [ EE TS, RREEIMEIRME. X B SRR, BAME, BAITEHUEE
LA, fEREEEH, BT LAY 2 REHE-7/RIER 51 ), BAETS SR [18] Y ier). 58K
B I TRIEIR AR S TR SRS, 5 99 A 2O AR, RRMEHIREN 51 AT Z R E S HIE
BRI, TRk AT RE S | 2 B D N HE R R M SEOL L, BATESUEHIXE 2 ME
JEHRAIATH; FealiEd, SEE CERAFRMEEN R ERE, 5510 ERNYRIN 58S
HIHE RIS, ENZE R —IEARN H, BT T Z2REE-Z i F- gk fmiEdsie, Al
TEIIZEIS 2 RIER . KIER, BAESINEAEIRM, SCHR [27] THEREAMEIFIEE N = 1 FREE
5177 [31] PASZE-E5e5 177 [36-40],

Cross-References

X5

Classical and Quantum Nonlocal Gravity

S5 B4R

21



Gauge Invariant Renormalizability of Quantum Gravity
BT 5 IRMEA e ] R

Supergravity Amplitudes, the Double Copy, and Ultraviolet Behavior
5 NIRE, B ISERIMTHN

Acknowledgments S.G. would like to thank Pietro Dona, Leonardo Modesto, Lestaw Rachwal, and Yiwei
Zhu for collaboration on the topics of scattering amplitudes and causality in nonlocal quantum gravity. In
particular, he would like to thank Leonardo Modesto, for enlightening discussions and reviewing the draft of
this chapter. The research of S.G. has been supported by a BIRD-2021 project (PRD-2021) and by the PRIN
Project n. 2022ABPBEY, "Understanding quantum field theory through its deformations.”

it S.G. /&4 Pietro Dona, Leonardo Modesto, Lestaw Rachwal Fl1RE KR EIEREE 151 J1HIHEL
SHRIE S R SR A R & 7R, T H S Leonardo Modesto & B i A TG, PA
N A B E AR, S.G. FIIT5E 5% 7 BIRD-2021 i H (PRD-2021) 54%%%5 2022ABPBEY HJ PRIN
UiH “ZHPEERRETHI” X,

References

2% Wk

1. K.S. Stelle, Renormalization of higher derivative quantum gravity. Phys. Rev. D 16, 953 (1977)

2. Y.V. Kuz’min, The convergent nonlocal gravitation. (in Russian). Sov. J. Nucl. Phys. 50, 1011 (1989).
[Yad. Fiz. 50, 1630 (1989)]

3. E.T. Tomboulis, Renormalization and unitarity in higher derivative and nonlocal gravity theories.
Mod. Phys. Lett. A 30, 1540005 (2015). hep-th/9702146

4. L. Modesto, Super-renormalizable quantum gravity. Phys. Rev. D 86, 044005 (2012). [arXiv:1107.2403
[hep-th]]

5. T. Biswas, A. Conroy, A.S. Koshelev, A. Mazumdar, Generalized ghost-free quadratic curvature gravity.
Class. Quant. Grav. 31, 015022 (2014); Erratum: [Class. Quant. Grav. 31, 159501 (2014)]. [arXiv:1308.2319
[hep-th]]

6. L. Modesto, L. Rachwal, Super-renormalizable and finite gravitational theories. Nucl. Phys. B 889,
228 (2014). [arXiv:1407.8036 [hep-th]]

7. L. Modesto, L. Rachwal, Universally finite gravitational and gauge theories. Nucl. Phys. B 900, 147
(2015). [arXiv:1503.00261 [hep-th]]

8. Y.D. Li, L. Modesto, L. Rachwal, Exact solutions and spacetime singularities in nonlocal gravity. JHEP
1512, 173 (2015). [arXiv:1506.08619 [hep-th]]

9. L. Modesto, L. Rachwal, Finite conformal quantum gravity and nonsingular spacetimes. arXiv:1605.04173
[hep-th]

10. A.S. Koshelev, L. Modesto, L. Rachwal, A.A. Starobinsky, Occurrence of exact R? inflation in nonlocal
UV-complete gravity. JTHEP 1611, 067 (2016). [arXiv:1604.03127 [hep-th]]

11. A.S. Koshelev, K. Sravan Kumar, A.A. Starobinsky, R? inflation to probe non-perturbative quantum
gravity. arXiv:1711.08864 [hep-th]

22



12. 1. Dimitrijevic, B. Dragovich, A.S. Koshelev, Z. Rakic, J. Stankovic, Cosmological solutions of a non-
local square root gravity. Phys. Lett. B 797, 134848 (2019). https:i.doi.org/10.1016/j. physletb.2019.1348438,
[arXiv:1906.07560 [gr-qc]]

13. E.T. Tomboulis, Nonlocal and quasilocal field theories. Phys. Rev. D 92(12), 125037 (2015). https://doi.org/10.1103/Ph
[arXiv:1507.00981 [hep-th]]

14. G. Calcagni, L. Modesto, G. Nardelli, Initial conditions and degrees of freedom of non-local grav-
ity. JTHEP 1805, 087 (2018); Erratum: [JHEP 1905, 095 (2019)] https://doi.org/10.1007/ JHEP05(2018)087,
https://doi.org/10.1007/JHEP05(2019)095, [arXiv:1803.00561 [hep-th]]

15. L. Buoninfante, G. Lambiase, A. Mazumdar, Ghost-free infinite derivative quantum field theory.
Nucl. Phys. B 944, 114646 (2019). https://doi.org/10.1016/j.nuclphysb.2019.114646, [arXiv:1805.03559 [hep-
th]]

16. F. Briscese, L. Modesto, Unattainability of the Trans-Planckian regime in Nonlocal Quantum Gravity.
arXiv:1912.01878 [hep-th]

17. S. Gao, R.M. Wald, Theorems on gravitational time delay and related issues. Class. Quant. Grav. 17,
4999 (2000). https://doi.org/10.1088/0264-9381/17/24/305, [gr-qc/0007021]

18. X.0. Camanho, J.D. Edelstein, J. Maldacena, A. Zhiboedov, Causality constraints on corrections to the
graviton three-point coupling. JHEP 1602, 020 (2016). https://10.1007/ JTHEP02(2016)020, [arXiv:1407.5597
[hep-th]]

19. LI Shapiro, Fourth test of general relativity. Phys. Rev. Lett. 13, 789-791 (1964). https:10. 1103/Phys-
RevLett.13.789

20. LI. Shapiro, M.E. Ash, R.P. Ingalls, W.B. Smith, D.B. Campbell, R.B. Dyce, R.F. Jurgens, G.H. Pet-
tengill, Fourth test of general relativity - new radar result. Phys. Rev. Lett. 26,1132-1135(1971). https://doi.org/10.1103/PhysRq

21. R. Pius, A. Sen, Cutkosky rules for superstring field theory. JHEP 1610, 024 (2016); Erratum: [JHEP
1809, 122 (2018)]. https://doi.org/10.1007/THEP09(2018)122, https://doi.org/10.1007/ JHEP10(2016)024, [arXiv:1604.01783
[hep-th]]

22. F. Briscese, L. Modesto, Cutkosky rules and perturbative unitarity in Euclidean nonlocal quantum
field theories. arXiv:1803.08827 [gr-qc]

23. P. Chin, E.T. Tomboulis, Nonlocal vertices and analyticity: Landau equations and general Cutkosky
rule. JHEP 1806, 014 (2018). https://doi.org/10.1007/THEP06(2018)014, [arXiv:1803.08899 [hep-th]]

24. R. Pius, A. Sen, Unitarity of the box diagram. JHEP 1811, 094 (2018). https://doi.org/10.1007/
JHEP11(2018)094, [arXiv:1805.00984 [hep-th]]

25. P. Dona, S. Giaccari, L. Modesto, L. Rachwal, Y. Zhu, Scattering amplitudes in super-renormalizable
gravity. JHEP 1508, 038 (2015). https://doi.org/10.1007/JHEP08(2015)038, [arXiv:1506.04589 [hep-th]]

26. D. Anselmi, M. Halat, Renormalizable acausal theories of classical gravity coupled with interacting
quantum fields. Class. Quant. Grav. 24, 1927 (2007). https://doi.org/10.1088/0264- 9381/24/8/003, [hep-
th/0611131]

27. S. Giaccari, L. Modesto, Causality in nonlocal gravity. arXiv:1803.08748 [hep-th]

28. D.N. Kabat, M. Ortiz, Eikonal quantum gravity and Planckian scattering. Nucl. Phys. B 388, 570
(1992). [hep-th/9203082]

29. M. Ciafaloni, D. Colferai, Rescattering corrections and self-consistent metric in Planckian scattering.
JHEP 1410, 85 (2014). [arXiv:1406.6540 [hep-th]]

30. B. Bellazzini, C. Cheung, G.N. Remmen, Quantum Gravity Constraints from Unitarity and Analytic-
ity. Phys. Rev. D 93(6), 064076 (2016). [arXiv:1509.00851 [hep-th]]

31. S. Giaccari, L. Modesto, Nonlocal supergravity. Phys. Rev. D 96(6), 066021 (2017). [arXiv:1605.03906
[hep-th]]

23



32. V.A. Kostelecky, S. Samuel, Collective Physics in the Closed Bosonic String. Phys. Rev. D 42, 1289
(1990). https://doi.org/10.1103/PhysRevD.42.1289

33. G. Calcagni, G. Nardelli, String theory as a diffusing system. JHEP 1002, 093 (2010). https:// doi.org/10.1007/THEP02(2
[arXiv:0910.2160 [hep-th]]

34. G. Calcagni, L. Modesto, Nonlocality in string theory. J. Phys. A 47(35), 355402 (2014). [arXiv:1310.4957
[hep-th]]

35. G. Calcagni, L. Modesto, Nonlocal quantum gravity and M-theory. Phys. Rev. D 91(12), 124059
(2015). [arXiv:1404.2137 [hep-th]]

36. L. Modesto, I.L. Shapiro, Superrenormalizable quantum gravity with complex ghosts. Phys. Lett. B
755, 279 (2016). [arXiv:1512.07600 [hep-th]]

37. L. Modesto, Super-renormalizable or finite Lee-Wick quantum gravity. Nucl. Phys. B 909, 584 (2016).
[arXiv:1602.02421 [hep-th]]

38. D. Anselmi, M. Piva, A new formulation of Lee-Wick quantum field theory. JHEP 1706, 066 (2017).
https://doi.org/10.1007/JHEP06(2017)066, [arXiv:1703.04584 [hep-th]]

39. D. Anselmi, M. Piva, Perturbative unitarity of Lee-Wick quantum field theory. Phys. Rev. D 96(4),
045009 (2017). https://doi.org/10.1103/PhysRevD.96.045009, [arXiv:1703.05563 [hep-th]]

40. D. Anselmi, Fakeons And Lee-Wick models. JHEP 1802, 141 (2018). https://doi.org/10.1007/ JHEP02(2018)141,
[arXiv:1801.00915 [hep-th]]

24



